Abstract-Superharmonic imaging improves the spatial resolution by using the higher order harmonics generated in tissue. The superharmonic component is formed by combining the third, fourth, and fifth harmonics, which have low energy content and therefore poor SNR. This study uses coded excitation to increase the excitation energy. The SNR improvement is achieved on the receiver side by performing pulse compression with harmonic matched filters.
I. Introduction I n medical ultrasound imaging, the spatial resolution is defined by the minimum resolvable distance between two point scatterers. The axial resolution of an imaging system can be improved by increasing the bandwidth of the excitation waveform. To improve the lateral resolution, the aperture size of the ultrasound probe or the excitation frequency should be increased. Tissue harmonic imaging, however, can improve both the lateral and axial resolution of an image without changing the excitation frequency or bandwidth. a harmonic image is formed by exploiting the second harmonic generated in tissue through nonlinear propagation, which effectively has twice the center frequency and the bandwidth of the excitation waveform [1] . another advantage of harmonic imaging is the reduced near-field artifacts, because harmonics are generated in tissue through nonlinear propagation.
Tissue harmonic imaging improves the spatial resolution by utilizing only the second harmonic; however it is possible to take advantage of higher order harmonics and further increase the image quality. a new ultrasound imaging technique called superharmonic imaging was proposed in the last decade by bouakaz et al. [2] . The superharmonic image is formed by combining the third, fourth, and fifth harmonic components of the received signal. These higher order harmonic components are also produced by the nonlinear propagation of ultrasound waves through biological tissue at high acoustic pressures [3] or by nonlinear scattering from ultrasound contrast agents [4] , [5] . It has been presented by in vitro and in vivo measurements that superharmonic imaging of biological tissue is feasible and improves the image quality [6] , [7] . bouakaz et al. demonstrated that contrast-enhanced superharmonic imaging increases both the contrast-to-tissue ratio and image resolution [8] .
The main disadvantage of the superharmonic imaging is the requirement for a transducer with a large bandwidth and sensitivity to accommodate fundamental to fifth-order harmonics of the nonlinear received signal. an interleaved phased array transducer having a −6-db fractional bandwidth of 144% was developed specifically for superharmonic imaging with improved transmission efficiency and higher reception sensitivity [9] . matte et al. showed that the topology and frequency range of these interleaved transducers can be optimized for superharmonic imaging [10] . Use of dual-frequency transducers is another option for superharmonic imaging, where Guiroy et al. developed a transducer for imaging of high-order nonlinear harmonics generated by microbubbles [11] . The capacitive micromachined ultrasound transducers (cmUTs) can easily achieve >120% fractional bandwidths, but usually have poor performance in terms of the output distortion and power [12] [13] [14] [15] . However, recent developments in cmUT research showed that it is possible to fabricate very wideband transducers with small harmonic distormanuscript received april 2, 2014; accepted July 31, 2014 . This work was supported by EPsrc grant EP/K029835/1.
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tions on transmit and high pressure levels [16] [17] [18] , making cmUTs suitable for superharmonic imaging. besides improving axial and lateral resolutions compared with fundamental b-mode imaging and tissue harmonic imaging, superharmonic imaging suffers from reduced snr caused by the low energy content of the higher order nonlinear harmonic components [19] , [20] . To improve the snr and penetration depth, chirp-coded excitation techniques have been used for tissue harmonic imaging instead of conventional pulsed excitation [21] [22] [23] . chirp excitation has already been employed for superharmonic imaging in [24] [25] [26] ; however, those results showed that linear frequency-modulated (lFm) signals underperformed because of the high side lobe levels caused by the spectral overlap between the harmonic components.
In superharmonic imaging, the nth-order harmonic is located at n times the center frequency of the excitation signal at nf 0 with a −20-db bandwidth of nB, according to the second-order distortion model [19] , [27] . There will be a spectral overlap between the fourth and fifth harmonic components for any waveform that does not satisfy the following: 5f 0 − 4f 0 ≥ (5B + 4B)/2. Therefore, signals with a fractional bandwidth narrower than B/f 0 = 22% can be filtered by using a band-pass filter because the spectral boundaries of harmonic components do not overlap. However, using excitation signals with narrow bandwidths will result in poor axial resolution. Increasing the bandwidth will cause overlapping between the harmonic components of the received signal, where the higher order harmonics cannot be separated with conventional filtering techniques such as a band-pass filter. In the case of spectrally overlapping harmonics, signal decoding using a matched filter typically produces high range side lobe levels, which result in image artifacts and reduce the image quality.
various excitation schemes and imaging techniques were developed for tissue harmonic imaging to extract the harmonic component and improve the image quality such as pulse inversion, third harmonic transmit phasing, and intermodulation of ultrasound waves [28] [29] [30] [31] [32] . a dual-pulse frequency compound method was proposed to improve the image quality by improving the harmonic extraction specifically for superharmonic imaging [33] , [34] . although multi-pulse excitation methods improve the image quality, there are two main drawbacks; reduction of the system's frame rate by a factor of two, and the fact that the complete cancellation of odd-harmonic components under tissue motion cannot be achieved [21] , [35] . a single-pulse compound method was recently developed by danilouchkine et al. by employing two Gaussian-windowed 3-cycle sine bursts with ~25% fractional bandwidths to avoid the spectral overlap between higher order harmonics [36] . This method achieved a resolution comparable to the dual-pulse method by using an interleaved transducer developed in [9] . although the maximum excitation bandwidth was limited because of spectral overlap, they had successfully performed in vivo superharmonic imaging of heart.
In this study, wideband linear frequency modulated chirp excitation was chosen to achieve high spatial resolution. To suppress the range side lobes produced by spectral overlap between harmonics, a filtering technique based on the fan chirp transform (FchT) was applied. The FchT was employed to improve the extraction process of harmonic components overlapping both in time and frequency domains. This method was specifically designed for filtering linear frequency modulated chirps and it is not applicable to conventional pulsed excitation [37] .
II. The Fan chirp Transform (FchT)
The fan chirp transform was recently introduced into chirp analysis by Képesi and Weruaga [38] , [39] . It has been employed in speech analysis [38] , music representation [40] , signal parameter estimation [41] , and time-frequency representation of the chirps [39] . However, the use of FchT has not been reported for ultrasound applications.
The name of the FchT comes from its unique fanshaped transformation kernel, where the significance for this shape can be explained by comparing with other transformations. Fig. 1 represents the simplified behaviors of the Fourier transform, the fractional Fourier transform (FrFT), and the FchT on the time-frequency plane. Fig. 1(a) shows the time-domain view of a chirp signal. The Fourier analysis corresponds to the sight of an observer standing orthogonal to the frequency axis at the infinite, as illustrated in Fig. 1(b) . In the Fourier domain, the time information carried by the signal is unclear. an observer standing with an angle ϕ to the time-frequency plane at the infinite, can see the signal's FrFT domain projection as shown in Fig. 1(c) . For this case, it is possible to utilize both time and frequency information carried by the signal and the observer can achieve the best possible resolution for a linear frequency modulated chirp represented with an angle of ϕ on the time-frequency plane.
To realize the FchT, the observer must stand inside the time-frequency plane as represented in Fig. 1(d) , where the resulting projection gives rise to the FchT spectrum. The observer can achieve the finest representation for linear frequency modulated chirps located with a fan geometry on the time-frequency plane, i.e., harmonically related chirps [39] .
rather than rotating the time-frequency plane as the FrFT, the FchT reshapes the time-frequency plane by twisting it into a fan geometry. Therefore, the FchT can compress a linear chirp with all of its harmonic content. This property of the FchT makes it an indispensable tool for characterization of harmonically related chirplets. although the FrFT have been successfully used for filtering and pulse compression of lFm chirps [42] [43] [44] , the FchT is more suitable for superharmonic imaging with chirps.
A. The Fan Chirp Transformation Kernel
The representation of a linear frequency modulated real signal can be given as
with a phase
where A(t) is the amplitude modulation function, f 0 is the center frequency, B is the −20-db bandwidth that contains the 99% of signal's total energy, T is the duration of the signal, and σ = B/T is the chirp rate. The fan chirp transform of the signal s(t) can be expressed as [39] S f st t e t j f t
where t is time, f is frequency, and φ σ (t) is the phase function or time warping function, which is controlled by the normalized chirp rate, σ /f, as
The φ σ (t) can be represented as the frequency normalized phase function associated with a lFm chirp with the same chirp rate as defined in (1) . The φ σ (t) is equal to θ(t)/f when f = f 0 and the transformation kernel given in (3) matches perfectly with the signal of interest. For f = 2f 0 , the best match for the transformation kernel will be a new chirp with twice the center frequency and chirp rate.
For this case, the second harmonic component generated by the same chirp will have similar phase parameters with the FchT kernel. For any given chirp rate the FchT can achieve optimum compression including all harmonics of the chirp of interest. For σ = 0, however, the FchT kernel is the same as the Fourier transform kernel.
B. Filtering in the FChT Domain
because this study focuses on finite duration signals, for the real signal s(t), centered at the origin with duration T, the limits of the integral in (3) reduce to −T/2 and T/2 as [41] :
It is possible to change the limits of the integral because the harmonics of the signal of interest are distributed on the time-frequency plane as shown in Fig. 2 (top) at the same temporal location with different center frequency and bandwidths. although computation time decreases significantly for this case, the transform must be calculated at different time delays.
When (5) is used for a signal longer than the duration of the excitation chirp, the process is repeated by shifting the time domain signal and computing the FchT several times to cover the whole signal length. It is similar to a running window approach, in which the window length is chosen to be the duration of the excitation signal. This process is illustrated in Fig. 3 (top) and the active transformation interval is highlighted between [−T/2, T/2]. after transforming these windowed waveforms into the FchT domain, the time-delayed chirps result in frequency shifted components in the warped-frequency domain as shown in Fig. 3(middle) . Therefore, the chirp signal cen- tered at t = 0 will appear in the FchT domain exactly at its center frequency as shown in Fig. 3 left and right, unlike the time delayed waveforms. To differentiate between the desired waveform and time-delayed waveforms, a peak detection algorithm was used. The location of the spectral peak was compared with the center frequency of the chirp and delayed waveforms were discarded as given in Fig.  3 
(bottom).
When the FchT is computed for σ /f according to (5), the transformation origin is located at 〈0, −1/(σ /f )〉 as depicted in Fig. 2 (top). For this transformation parameter, the narrowest FchT projection is achieved for all harmonics of an lFm chirp centered at t = 0 with a chirp rate of σ [37] . after the transformation, the chirp and all of its harmonics appear as narrowband sinusoidal on the warped frequency domain by maintaining their center frequencies, which are shown in Fig. 2 (top-middle). after achieving the optimum projection for a given chirp and its harmonics, these waveforms can be windowed in the FchT domain as represented in Fig. 2 (middle).
although Figs. 2 and 3 explain the temporal and spectral filtering as two different methods, they were implemented together. The separation between time delayed chirps was achieved simultaneously while extracting the higher order frequency components of the same chirp signal. The higher order harmonics were not illustrated in Fig. 3 for clarity.
after applying a window in the FchT domain, the windowed chirp and harmonics must be transformed back to the time domain by using the inverse fan chirp transform (iFchT), which is defined as
separation between the spectrally overlapping harmonics can be achieved as shown in Fig. 2 (bottom-middle), after applying iFchT for all individually windowed harmonics. The filtered harmonic chirps can now be compressed by a harmonic matched filter without any artifacts caused by spectral overlapping.
C. Processing the Superharmonic Component
Individual harmonic matched filters were designed to perform pulse compression of each harmonic component. The center frequency and bandwidth of the desired harmonic matched filter were calculated by multiplying the center frequency and bandwidth of the excitation signal with that harmonic number according to the second-order distortion model or square law [21] , [45] . For example, the third-harmonic matched filter had a center frequency of 6.75 mHz and a −20-db bandwidth of 2.7 mHz for a chirp excitation with a center frequency of 2.25 mHz and 40% fractional bandwidth. a Hann window was applied on all harmonic matched filters as used in the excitation signal.
Extraction of the harmonic components was performed as explained in Fig. 2 with the FchT filtering and without the FchT filtering by bypassing the filtering stage. When the filtering stage is omitted, received signal in Fig. 2 (top) was directly compressed with third-, fourth-, and fifthorder harmonic matched filters. The resulting complex waveforms were combined to generate the superharmonic component, where only the envelopes of the pulse compressed signals are illustrated in Fig. 2(bottom) for clarity. The superharmonic component was formed after coherent summation of pulse compressed harmonics without normalization for both cases with or without the FchT filtering.
D. Example
To show the effect of spectral overlap and the filtering capability of the FchT, a chirp waveform with harmonic content is used as an example. The harmonic components of the simulated waveform were generated to have an asymmetric wave shape and decaying harmonic power according to the wave propagation in dispersive media and weak shock theory [19] . For the sake of simplicity, it was assumed that nth harmonic will have n times the center frequency and bandwidth (for n = 2, 3, 4, …) and the frequency dependent attenuation was ignored. The timefrequency representation of this waveform is given in Fig.  4(top) .
The fundamental component of the simulated lFm chirp has a duration of T, center frequency of f 0 , and 50% fractional bandwidth, which results in spectral overlap between third-, fourth-, and fifth-order harmonics, as shown in Fig. 4(top-middle) .
The FrFT can achieve the narrowest projection for the fundamental or any harmonic component when the transform order is set accordingly, but not simultaneously for all harmonics. Fig. 4(bottom-middle) shows the transformation of the simulated waveform into the fractional Fourier domain for the transform order that matches with the parameters of the fundamental component. The compressed fundamental component appears at τ 1 and does not overlap with any of the harmonics. To extract the fundamental and harmonic components individually, the FrFT must be recalculated with a different transform order that matches with the harmonic of interest.
The FchT can achieve the narrowest projection for the fundamental and all harmonic components simultaneously. Fig. 4(bottom) shows the warped-frequency spectrum after applying the FchT, where all harmonics are clearly 
The importance of isolating the harmonic components for superharmonic imaging was demonstrated on the simulated waveform by comparing the range side lobes after pulse compression. The example waveform with high harmonic content was compressed by a matched filter designed for the nth harmonic component with a duration of T, center frequency of n · f 0 , and 50% fractional bandwidth. range side lobes around −30 db appeared on the compressed waveform for third, fourth, and fifth harmonic components, as shown in Fig. 5 by the light gray line. These range side lobes, caused by the spectral overlap between harmonic components, are pulse compression artifacts that reduce the image quality. The dark gray line in Fig. 5 shows the final pulse-compressed waveforms after separating the spectrally overlapping harmonics by filtering in the FchT domain as explained in Fig. 2 . The compression artifacts and noise level were suppressed below −80 db for all harmonics, including the superharmonic component.
The superharmonic component has more energy and narrower −6-db axial pulse width than all of the individual harmonics forming it; however the superharmonic experiences ripple artifacts resulting from the coherent summation of higher order harmonics as shown in Fig.  4(bottom) . ripples are caused by the spectral gap between third and fourth or fourth and fifth harmonics. When wider bandwidth (−20-db FbW ≥ 100%) signals are used, these ripple artifacts disappear. For imaging application with a large dynamic range (>30 db), these ripples will be barely visible on the grayscale image.
III. materials and methods
To verify the accuracy of the proposed filtering technique, several measurements were performed by capturing the harmonics generated by the nonlinear propagation of ultrasound waves in water. measurements were performed for excitation waveforms with varying bandwidths to show the effect of spectral overlap. after demonstrating the filtering capability of the FchT, the superharmonic image of a wire phantom was acquired by using a focused transducer and a focused hydrophone.
A. Harmonic Measurements
measurements were performed in a tank containing deionized and degassed water at 19 ± 1°c, as illustrated in Fig. 6 . The transducer and hydrophone were aligned coaxially in a pitch-catch configuration. an axial scan was performed for different depths using a custom-built computer numerical control (cnc) system.
Five different lFm chirps were transmitted with a center frequency of 2.25 mHz, duration of 20 μs, and fractional bandwidths (FbWs) of 10%, 20%, 30%, 40%, and 50%. a Hann window was used to shape the envelope of the signal A(t) to improve the side lobe performance and reduce the spectral leakage [46] . a 33250a arbitrary waveform generator (agilent Technologies Inc., santa clara, ca) was set to generate excitation signals. The signals were amplified by an a150 rF power amplifier (Electronics & Innovation ltd., rochester, ny). The amplified chirp signals were transmitted by a 2.25-mHz single-element v323-sm immersion transducer (olympus-ndT Inc., Waltham, ma) with 56% fractional bandwidth. The radiating surface of the transducer was flat, which resulted in a weakly focused ultrasound beam in the far-field at around 15 mm.
after nonlinear propagation in water, signals were detected using a polyvinylidene fluoride (PvdF) differential membrane hydrophone (Precision acoustics ltd., dorchester, UK). The peak positive and the peak negative pressure levels of each waveform at 2.25 mHz at the focus of the transducer were 1.125 mPa and 1 mPa, respectively. The received signals were acquired at 1 Gsps sampling rate using a Waverunner 44xi oscilloscope (lecroy corporation, chestnut ridge, ny) with 100-times averaging to improve the snr. The captured data was processed offline in matlab (The mathWorks Inc., natick, ma).
B. Superharmonic Imaging Setup
a wire phantom was built to show the effectiveness of the proposed algorithm for superharmonic imaging. There is no commercial transducer available to replicate the measurements performed in the previous section in pulse-echo mode, in terms of bandwidth and sensitivity. Therefore, a focused transducer and a focused hydrophone were used to imitate a b-scan. a two-dimensional scan of the wire phantom was performed with the same cnc system as illustrated in Fig. 7 . This phantom consisted of seven aluminum wires with a diameter of 120 μm stretched across two parallel plates in water. The geometry of the wire phantom is shown on the right in Fig. 7 .
an H-102 high-intensity focused ultrasound (HIFU) transducer (sonic concepts Inc., bothell, Wa) with a 20 mm central opening was used as a transmitter. outer and inner diameters of the HIFU active element were 64 mm and 22.6 mm, respectively. The HIFU transducer had a geometric focus of 63.2 mm from the curvature of radiating surface. a y-107 focused hydrophone (sonic concepts Inc., bothell, Wa) with an active diameter of 17.5 mm was fit into the central opening with a geometric focal depth of 64 mm. The hydrophone had an operating frequency range of 10 kHz to 15 mHz with a sensitivity of 25.6 v/mPa at 10 mHz.
The HIFU transducer had a center frequency of 1.1 mHz and a fractional bandwidth of 63%. an a300 rF power amplifier (Electronics & Innovation ltd., rochester, ny) was used to excite the HIFU transducer by amplifying a Hann-windowed chirp waveform with a center frequency of 1.1 mHz, duration of 20 μs, and fractional bandwidth of 50%. The peak negative pressure at the focus of the HIFU transducer was 1.99 mPa, which corresponds to a mechanical index (mI) of 1.9.
reflected echoes were detected using the focused hydrophone. The received signals were acquired with a sampling frequency of 500 mHz using the lecroy Waverunner digital oscilloscope. The captured data was processed offline in matlab.
Iv. Experimental results and discussion a set of measurements were performed to capture the harmonics generated by the nonlinear propagation in water as shown in Fig. 6 . The pressure field was measured between the depths of 20 to 100 mm, where the maximum energy transfer to the superharmonic component was achieved at 86 mm. The received signals at this depth and their associated power spectra are shown in Fig. 8 . This figure shows the shock-wave formation, distortion in signal symmetry, and the generation of higher order harmonics resulting from the nonlinear propagation at high acoustic pressure. It can also be observed that increasing the bandwidth of the excitation will increase the bandwidth of the harmonics, which results in overlapping between higher order harmonic components.
A. Without Filtering in the FChT Domain
a comparison of the processed superharmonic components showed that the excitation with greater bandwidth achieved better axial resolution, as shown in Fig. 9 . The performance of the superharmonic for the chirp excitation was close to the theoretical expectations, where increasing the signal bandwidth proportionally improved the axial resolution. a detailed comparison of axial resolution measured at −20 db of the main lobe width is given in Table I for all harmonic components. because these pulse compressed waveforms were being compared for an imaging application, −20-db main lobe width was preferred Fig. 6 . schematic diagram of the measurement setup used for capturing the harmonics generated in water. measurements were performed in a tank filled with deionized and degassed water. The 2.25-mHz transducer was used to transmit different chirp waveforms, which were received by the membrane hydrophone after nonlinear propagation in water. The alignment of the transducer and the membrane hydrophone was performed by a cnc system. Fig. 7 . schematic diagram of the imaging setup. The wire phantom was scanned with a cnc system by using the HIFU transducer as a transmitter and the focused hydrophone as a receiver. dimensions of the wire phantom are given in millimeters on the right.
instead of full-width at half-maximum (−6 db main lobe width).
The superharmonic extracted from all chirp excitations provided around 30% improvement in axial resolution when compared with second harmonic components of the same bandwidth. The improvement in resolution demonstrates that chirp excitation and harmonic matched filters are good candidates for harmonic imaging. The comparison of the superharmonic components for different bandwidths are given Fig. 9 . In this figure at around 10 μs, range side lobes as high as −33 and −23 db appear for superharmonic components of chirps with 40% and 50% fractional bandwidths, respectively. There is also a pulse compression artifact expected at around 11 μs for the superharmonic component of the chirp excitation with 30% FbW, which is not clearly visible in Fig. 9 because of noise. This artifact appears around the −50 db level, which is acceptably low for imaging applications.
Improvements achieved by superharmonic component are shadowed by the ripple artifacts for narrowband excitation, which can be observed in Fig. 9 for chirps with 10% and 20% fractional bandwidths. Therefore, the wideband excitation, which is the chirp with 50% fractional bandwidth for this study, is the best candidate for superharmonic imaging.
despite improving the axial resolution, the superharmonic component will always suffer from high range side lobe levels because of spectral overlap between the higher order harmonics for wideband excitation above the theoretical limit of 22% FbW. several recent studies have used chirps for superharmonic imaging and achieved results similar to those presented in this section [24] [25] [26] .
B. After Filtering in the FChT Domain
To improve the previous results and reduce the range side lobe levels, the FchT was employed to filter the spectrally overlapped chirps. received signals were transformed to the FchT domain and all harmonics were individually filtered. The bandwidth of the filtering window was selected according to the snr of the experimental measurements, which was −70 db width of the autocorrelation function of the excitation waveform [37] . The extracted harmonics were transformed back to the time domain by using the iFchT and compressed by a harmonic matched filter as explained in Fig. 2 .
although peak side lobe levels stayed the same, the range side lobes after pulse compression were improved for all excitation waveforms, which can be observed in Fig. 10 . The improvement achieved by using the FchT is Fig. 8. (left) received signals at the same depth for different excitation waveforms and (right) the associated power spectra showing the harmonic content of the received signals. (top) chirp excitation with 10%, (middle) 30%, and (bottom) 50% fractional bandwidths were given to show the increase in spectral overlapping for higher order harmonics generated by waveforms with wider bandwidths. Fig. 9 . comparison of the superharmonic components obtained by chirp excitations with 10%, 20%, 30%, 40%, and 50% fractional bandwidths without filtering in the FchT domain. >50 db for range side lobes of chirp excitation with 40% and 50% FbWs. no degradation was observed on the axial resolution, because the signal bandwidth was not changed. results for signals processed with and without the FchT filtering are ±0.04 μs in agreement with each other, as given in Tables I and II. comparing Figs. 9 and 10 shows improvement of the range side lobe levels after using the FchT to filter the spectrally overlapped harmonic chirps without reducing the axial resolution.
C. Superharmonic Imaging of the Wire Phantom
Fundamental, second-harmonic, and superharmonic images of the wire phantom are shown in Figs. 11 and 12 . both fundamental images with or without filtering in the FchT domain suffered from poor resolution and lateral artifacts. These artifacts appear as white shadows around wires in lateral direction caused by the shape of the ultrasound beam generated by the HIFU transducer. For example, in Fig. 11(top) for the first wire located at (20, 0) there are two lateral artifacts appearing at (20, −2) and (20, 2) . The spatial side lobes of the HIFU beam match with the calibration data supplied by the manufacturer. dark stripes between these artifacts and main scatterers are due to the zero nodes between the main lobe and the lateral side lobes in the radiation pattern of HIFU transducer. These artifacts can be avoided by using an array transducer with an array apodization, instead of using a single-element HIFU transducer that mechanically scans the imaging field. For the second harmonic, the beam shape at the focal region gets smaller and side lobes disappear. Therefore, second-harmonic images have nearly two times higher spatial resolution compared with the fundamental images.
When the fundamental and second harmonic images processed without the FchT in Fig. 11 (top) and (middle) were compared with images filtered with the FchT in Fig.  12 (top) and (middle), an improvement in lateral resolution is also observed. The reason for this improvement is due to the existence of a time delay between the direct reflections and scattered or diffracted waves from a point reflector arriving with an angle. The FchT algorithm is capable of removing these indirect reflections because time delays introduce a frequency shift in the FchT domain and they are therefore filtered out after windowing. by filtering with the FchT technique, an average improvement of 30% and 40% in lateral resolution was observed for the fundamental and second-harmonic images, respectively.
For superharmonic imaging, noise and artifact levels were reduced from −14 db in Fig. 11 (bottom) to −21 db in Fig. 12 (bottom) after filtering with the FchT. This improvement effectively increases the image dynamic range; however, here both images were plotted with a 30 db dynamic range for a fair comparison. after the improvement achieved by the FchT filtering method, the central wire located at (30, 0) can be resolved from the superharmonic image given in Fig. 12(bottom) .
The improvement achieved by filtering with the FchT was only 7 db for this imaging setup for two reasons. First, used equipment were limited, with 14 ± 6 db snr at the superharmonic frequency range for the given excitation parameters. Therefore, the range side lobe suppression could not be demonstrated on a wire phantom, where the average noise level was around −14 db in Fig. 11(bottom) . The range side lobe levels of the superharmonic component for 50% FbW chirp excitation were expected to be around −23 db as presented in Fig. 9 , which is well below the noise floor and thus not visible in the superharmonic image. second, the generation of higher order harmonics was limited because of the low center frequency of the HIFU transducer and mI limitation of 1.9 for medical ultrasound imaging [47] .
by using a similar transducer and receiver pair working at a higher frequency range, such as the transducer designed by Guiroy et al. [11] , the benefits of the FchT Fig. 10 . comparison of the superharmonic components obtained by chirp excitations with 10%, 20%, 30%, 40%, and 50% fractional bandwidths after filtering in the FchT domain as explained in Fig. 1 . filtering technique become increasingly significant. When the excitation frequency is increased, more harmonics will be generated because of nonlinear propagation at the same acoustic pressure level and depth. also the excitation pressure can be increased, because mI is inversely proportional to the square root of the excitation frequency [48] . The separation methodology of chirps with time-frequency overlaps as explained in Figs. 2 and 3 was presented on a wire phantom; however tissue will create a more complicated problem. In tissue, scatterers are distributed at all depths without a clear time separation. although, separation of temporally overlapping chirps is possible [44] , the main issue will be filtering the spectral overlap between different orders of harmonics of closely spaced scatterers. For example, when the third harmonic of a scatterer located at t = t 1 and the fourth harmonic of a scatterer located at t = t 2 intersect in the time-frequency plane, where t 2 − t 1 ≪ T, the FchT is not able to recover this signal accurately. However, filtering these overlaps is also a big signal processing challenge for time and frequency filtering based on convolution and recursion.
v. conclusions
The main advantage of the superharmonic imaging over second-harmonic imaging is the enhanced spatial resolution. This improvement on lateral and axial resolution was confirmed in biological tissues with simulations and experiments by ma et al. [7] . Experimental measurements performed in this work verify these previous results. When the superharmonic components were compared with the second harmonic components, an average of 30% improvement was observed for all chirp excitations, as given in Tables I and II. another less pronounced advantage of the superharmonic imaging is the compounding effect. combining different harmonic components gives benefits similar to those of frequency compounding [49] . Therefore, significant reduction in speckle size can be achieved by superharmonic imaging and more details can be visualized. For this reason, superharmonic imaging is a good candidate for all types of medical imaging applications in which high image resolution is necessary, such as detection of small lesions, ophthalmic ultrasound, and small-animal imaging [50] , [51] .
contrast-enhanced ultrasound imaging is another modality that can benefit from the use of higher order harmonics. bouakaz et al. demonstrated that the contrastto-tissue ratio (cTr) increases as a function of harmonic order even at low mI (<0.4) [2] . For super harmonic imaging with chirps, long duration chirp excitation amplifies the microbubble response and offers an improved cTr, but the resonance behavior of microbubbles introduce new complications for imaging applications. nevertheless, the FchT can still be used for filtering and separating harmonically related chirps. From a signal processing aspect, microbubbles alter the phase, the envelope shape, and the frequency content of the scattered echoes that make filtering even more challenging for contrast-enhanced ultrasound imaging with chirps. also, the phase coherence between different orders of harmonics is not necessarily preserved for harmonics generated by microbubbles [52] , where pulse inversion and pulse sequences will not achieve the optimum performance. However, the scattered response from the microbubble population still has the same chirp rate as the excitation signal and the chirp rate of the harmonics generated by the microbubbles are scaled by a ratio of n for the nth harmonic [37] . Frequency-dependent attenuation, which is common in every type of ultrasound imaging application, causes a down-shift in the frequency response but does not alter the chirp rate. Therefore, it is possible to use the FchT as a filtering tool for superharmonic imaging even with ultrasound contrast agents, because the transformation is sensitive to signal's chirp rate.
although superharmonic imaging improves the image quality, the spectral overlap between the higher order harmonics introduces image artifacts and reduces the dynamic range. Pulse inversion cannot be used to separate the overlapping harmonics, because it will cancel out all the odd harmonics. new multiple excitation methods have been proposed specifically for superharmonic imaging, such as the dual-pulse method offered by van neer et al. [34] . This approach can generate higher-quality harmonic images at the cost of a reduced frame rate, but it cannot be applied to coded excitation. conventional band-pass filtering can separate the harmonic components at the expense of reduced bandwidth. To overcome these limitations, a new filtering method based on the FchT was designed to separate the spectrally overlapped harmonic components without sacrificing the signal bandwidth and frame rate. When the direct form FchT is compared with a filtering method based on fast Fourier transform (FFT) in terms of speed, the FchT performs three orders of magnitude slower. However, the fast FchT can be implemented as the Fourier transform of a time-warped signal, which makes the speed dependent on the applied interpolation algorithm for time warping. Weruaga and Képesi performed an analysis on computing requirements for the fast FchT and approximated the computational complexity as N(7 + log (N)) [39] . dunn et al. demonstrated that the choice of interpolation method gives a trade-off between the computational speed and the accuracy of the transformation [41] . When the fast FchT is applied with the pchip interpolation method in matlab, it is only an order of magnitude slower than the FFT and can be used for real-time imaging.
The main limitations of the superharmonic imaging are the transducer sensitivity, low snr, and reduced penetration depth. The higher order harmonics are usually located at a frequency band where the transducer does not work efficiently, therefore causing a reduction in the snr and sensitivity. The penetration depth is reduced because of frequency-dependent attenuation in tissue. In this study, the snr and penetration were improved by using coded excitation and increasing the total transmitted energy, but the available transducer bandwidth is still the biggest limitation for the superharmonic imaging. The commercial ultrasound probes do not have sufficient bandwidth; however, the research on transducer and cmUT technology is focusing on increasing the transducer bandwidth and reception sensitivity [9] [10] [11] , [15] , [17] , [18] , [53] , [54] . With the availability of very broad bandwidth (>150%) and dual-frequency transducers, superharmonic imaging can become a standard modality for high-resolution imaging in the future. references
